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We give a short review of the results for four fermion production, which have 
been obtained by the semi-analytical approach. The angular degrees of freedom 
(typically five or more) are integrated over analytically while the integrations over 
invariant fermion pair masses (typically two or more) remain to be performed by 
numerical methods. In addition to doubly resonating cross sections from virtual 
two boson production, QED corrections and background contributions were deter- 
mined. However, a large variety of final state topologies has not been treated so 
far. 



1 Introduction 

Among the most interesting processes to be studied at a high energy linear 
collider is pair production of gauge and Higgs bosons. Since these heavy parti- 
cles are instable, one has to study experimentally their decay products, namely 
four final state fermions: 

e+e" -> (W+W-,ZZ, Z 1 , 77, ZH, ...)-> hhhh- (1) 

After integration over five angular variables, the total cross section for reac- 
tions (Q) may be generically written as follows: 

a res (s) = ds 1 p B (si) / ds 2 pB(s 2 ) cr (s; s\, s 2 ) (2) 
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where s\ — (pi +P2) 2 and S2 = {P3 +P4) 2 ■ The bosons' Breit-Wigner densities 



Pb = -, -2— — — — ^xBR 3 

7T \Si - Mg + 1Mb r_B I 



attain the following narrow width limit: 

p B (si) r ^° S( Si -M B ) xBR. (4) 

The expressions for (T (s;si,S2) have beea derived for off-shell W~W~ 
production in lil, for ZZ, £7,77 production in 13, for ZH production in 13 (see 
also references therein). In section [| we will give explicit examples for the basic 
cross section ao(s; si, S2). 

Naturally, the four fermion final states in ([l]) are produced not only by dou- 
bly resonant amplitudes, but also by many singly resonant and non-resonant 
tree level background amplitudes, which are characterized by different inter- 
mediate states. In addition, radiative corrections must be accounted for. Here, 
we will concentrate on results which have been obtained by use of the semi- 
analytical method: QED initial state radiative corrections and background 
contributions. 



1.1 Background 

The doubly resonant diagrams yield the dominant cross section contributions 
even far above threshold; nevertheless, only together with background gauge 
invariance may be achieved. The number of Feynman diagrams for a given 
process depends on the topology of the final state. A classification has been 
introduced inH: 

CC Processes with final states of type fifff^fi are called charged current 
processes: CC11, CC10, CC09; CC20, CC18. 

NC Processes with final states of type /1/1/3/3 are called neutral current 
processes: NC32; NC24, NC4-16, NC4-12, NC4-03, NC10, NC06; NC48, NC20, 
NC21, NC19, NC12, NC4-36, NC4-09. 

mix Processes which may be considered as both CC and NC types are called 
mixed processes: mix43, mixl9; mix56. An example for a mixed process 
is the production of uddu = uudd. 

In addition, there are Feynman diagrams with Higgs bosons in the NC and 
mixed cases. The simplest background processes are those of the CC20 and the 
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NC24 classes. These have been studied in detail ini andBi, respectively. As 
an example, we discuss the CC11 process in section [| 

Tree level cross sections including backgrounds may be generically written 

as 

dS2 ^-E 



VA d 2 a k (s,si,s 2 ) 



ds\ds2 



(5) 



(6) 



with A = A(s, si, s 2 ), X(a, b, c) = a 2 + b 2 + c 2 — 2ab—2ac—2bc and 

f U j = Ck(s, si,s 2 ) -Gk(s, si,s 2 ) , 
dsids2 

where C k represents coupling constants and off-shell boson propagators, while 
Qk is a kinematical function obtained after analytical angular integration. The 
index k labels cross section contributions with different coupling structure and 
different Feynman topology. 

1.2 QED initial state radiation 

The by far largest radiative corrections are due to QED initial state radiation 
(ISR). They may be described by the generic formula 



TSR 



00 



dsi / ds2 \ ds' 



d 3 S fc (s, s / ;si,s 2 ) 
ds\ds2ds' 



(7) 



(8) 



with s' = (pi + P2+ P3 + Pi) 2 and 

rf 3 S fc (s,5 / ;5i,s 2 ) 
ds\ds2ds' 

where & = 2 a [\n(s/m 2 e ) - 1] and v = (1 - s'/s). 

The soft -(-virtual and hard corrections Sk and Ti^ separate into a universal, 
factorizing, process-independent and .a non-universal, non-factorizing, process- 



dependent part. They are given byf 

S k (s,s';sx,s 2 ) = [l + S(s)]a k ,o(s';s 1 ,s 2 )+ a§ ik (s';si,s 2 ) , 
Hk(s,s';si,s 2 ) = H(s,s') a k ,o(s';si,s 2 ) + k (s, s'; s x , s 2 ) (9) 



Universal Part 



Non — universal Part 



with (Tk,o(s f ; si, S2) = \/~X/(7rs 2 ) • Gk(s* si, s%) and the universal O (a) soft- 
virtual and hard radiators S and 



S(s) 



y ~ 2 



= -- (l + - 



(10) 



If the index k is associated with s-channel e + e~ annihilation diagrams only, 
only universal ISR contributions are present, because non- universal ISR origi- 
nates from the angular dependence of initial state t- and u-channel propagators. 
Non-universal ISR contributions are suppressed with respect to universal ones, 
because they do not contain the leading logarithm [3 e . They are, however, 
analytically very complex. 



2 Example 1: The NC8 process with complete initial state correc- 
tions 

The NC8 process e+e" -> [ZZ, Z 1 , 77) -> 4/1/2/2 (/1 fi¥^e ± , vl) is 

described by only one kinematical function! 



<?nc8(s; S 2 , S 2 ) = SlS 2 

C(s;s!,s 2 ) = — In 



s 2 + (si + s 2 )< 

S — Si — S 2 
S — Si — S2 + \/X 



C(s; S2,s 2 ) - 2 



(11) 
(12) 



\f\ s — Sl — S2 — \/A 

Numerical results are presented in figure |l|0i. As is seen from the figure, ISR 
corrections increase the cross section considerably. Universal contributions are 
of O(+20%), non-universal contributions of C(+3%). From the inset of the 
figure one concludes that most important cross section contributions involve Z 
bosons and photons. We mention that the doubly resonant Z pair cross section 
is easily isolated by cuts on s% and s 2 . 



3 Example 2: The CC11 processes with initial state corrections 

The basic charged current four fermion process is described by three kinemat- 
ical functions □: 



CC3 / \ 
C (s;Sl: S 2j = 



Sirs 



ns Qii ,f>st Q3f ,pt Q 
^CC3 =?CC3 ' ^CC3 ^CC3 ' ^CC3 =?CC3 



iff 



The functions Q CC3 depend only on the virtualities: 



S££a(8\8i,i>2) = i- X + 12s (ai + s 2 ) - 48«is 2 

48 - 

+ 24 (s - si - s 2 ) sis 2 -C(s; si, s 2 ) 



1 



192 



£cc3( s ' s 1j s 2) = 77J77 A + 12 (ssi + SS 2 + SlS 2 ) 



(13) 



(14) 
(15) 
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Figure 1: The cross section for the NC8 process with ISR. 



£cc 3 0; s i> s 2) 



i 

48 



(s — si — s 2 ) A + 12s(ssi + s%S2 + s 2 s) 
- 24 (ssi + ss 2 + sis 2 ) s 1 s 2 -£(s; s x , s 2 ) J- , (16) 



Adding terms from background diagrams yields t 

v/A 15 

fc=l 



dsi J ds 2 —p ■ y^Cfc ■ gfc(s, si,s 2 ) 



(17) 



Using the symmetries of the process, the 15 functions mag be expressed by the 
three functions <7 C C3, two of the process NC24 - Sues, Gnc2to ~ plus only one new 
kinematical function, which is the most complicated one: 



£ccu( s ; s i; s 2) = -120s -j r C(s 2 ;s,si)C(si;s 2 ,s) 



Table 1: atot in pbarn for Born 4f production as function of ^/s (in GeV). For this com- 
parison, the branching ratios are not taken into account in the single mode channels. 
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2.9342(5) 


2000 


1.5702 


1.5020 


1.5018 


1.5016 


WWGENPV 


1.5700(4) 
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S(s — a) oSlS? t. S — 3(7 

1 + V , ' + 20^-^ " 30s 3 s lS2 — 3- 
A A A 



-s(si-s 2 ) 

1 



12 



10s 



SlS 2 

X 2 



— 30s S1S2- 



SCT oSiSa 

l + 12__60s 2 -^ 



A 3 



s\C{s 2 \ s, s\) + slC(s 1 ;s 2 , s) 
s\C(s2\ s, si) - s\C{s\; s 2 , s) 



8sis 2 



1 - 



s(4s + 5ct) 
A 



>, (18) 



with <7 = si + s 2 . 

Numerical results have been produced with programs §1100. Table 1 
contains a comparison of the Born cross sections with background in different 
channels for a wide range of beam energies. At energies above the ZZ thresh- 
old, the background modifies <J to t, but for all channels quite similarly. While 
the changes of the rates are of the percent level, this may be quite different for 
other processes, e.g. those of the CC20 type. In table 2, a comparison of cross 
sections including universal ISR is performed. The high level of numerical and 
general precision is clearly demonstrated. 
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Table 2: Results from different programs for the total CC11 cross sections e+e — > 4/ and 
e + e — — » 4/ + 7 fi>ot/i in pbarn) as functions of y/s for the QQ' qq' channel. 
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